Abstract. Let F (x, y) be a polynomial over the rationals. We show that if F is not an expander (over the rationals) then it has a special multiplicative or additive form. For example if F is a homogeneous non-expander polynomial then F (x, y) = c(x + ay) α or F (x, y) = c(xy) α . This is an extension of an earlier result of Elekes and Rónyai who described the structure of two-variate polynomials which are not expanders over the reals.
Introduction
Let f : C × C → C be a two-variable polynomial over the complex numbers. For two sets A, B ⊂ C we denote the range of f over A × B by f (A, B).
f (A, B) = {f (a, b) | a ∈ A, b ∈ B}.
In this paper we are interested about polynomials for which |f (A, B)| ≪ max (|A|, |B|) for some large sets of rational numbers A, B ⊂ Q. To formulate our statements we use the following definition. Definition 1. Let f be a k-variable polynomial over some base ring R. We say that f is a non-expander over a domain D ⊂ R if there is constant c > 0 so that for any integer n there are sets A 1 , A 2 , . . . , A k ⊂ D with |A 1 | = |A 2 | = . . . = |A k | ≥ n and |f (A 1 , A 2 , . . . , A k )| ≤ c|A|. Otherwise polynomial f is an expander.
Elekes and Rónyai described the structure of two-variate polynomials which are non-expanders over the reals [6] . They proved that a polynomial, F (x, y), is nonexpander over the reals if and only if (1) F (x, y) = f (g(x) + h(y)) or F (x, y) = f (g(x)h(y))
for some (single variable) polynomials f, g, and h. Our plan -which we can not complete here without additional assumptions -is to show that a polynomial, F (x, y), is non-expander over the rationals if and only if (2) F (x, y) = f (x + ay) or F (x, y) = f ((x + a) α (y + b) β )
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for some (single variable) polynomial f, positive integers α, β, and rational numbers a, b.
Previous results.
The result of Elekes and Rónyai was extended by Elekes and Szabó [7] for implicit polynomials providing a larger scale of applications. The typical applications of the mentioned results are arising from Erdős-type problems in discrete geometry. It was Elekes who pioneered the use of such algebraic methods in discrete geometry. (See Elekes' survey [8] on the subject.) In a recent paper Tao [18] proved an Elekes-Rónyai type theorem for the finite field case. There were many interesting and important predecessors of his result. We refer the reader to [3] and [18] for more details about the finite field case. We only mention here one example since it is about a three-variable polynomial which we will consider later. Shkredov proved in [14] that f (x 1 , x 2 , x 3 ) = x 2 1 + x 1 x 2 + x 3 is an expander over finite fields. Using a generalization of the Elekes-Rónyai theorem for three variables, proved in [16] , we chacterize three-variable polynomials which are non-expanders over the rationals.
In this paper we are interested about polynomials which are expanders over the rationals. In this direction Chang proved in [5] that f (x, y) = x 2 + y 2 is an expander over the rationals. Note that this polynomial is a non-expander over the reals.
Results
Polynomials which are non-expanders over the rationals are obviously non-expanders over the reals. By the result of Elekes and Rónyai it is known that such polynomials have a multiplicative or additive structure as in (1) . In order to get a more restrictive form, as in (2) , one should analyze the inner polynomials h(x) and
where d is the degree of F. Thus a Plünecke-Ruzsa type inequalty, [13] , [11] , implies that if |F (A, B)| ≤ Cn for some large
One can apply Freiman's theorem, [10] , [12] , to see that g(A) is a dense subset of a D = D(C)-dimensional generalized arithmetic or geometric progression,
where AP n i is a set of the elements of an n i -term arithmetic progression and 0, and GP n i is a set of the elements of an n i element geometric progression and 1. For more details about generalized arithmetic progressions and Freiman's theorem we refer to [19] . Freiman's theorem states that not only the dimension of the GAP or GGP is bounded (this is often called Freiman's Lemma and it is relatively easy to prove) but g(A) is dense in the generalized progression, i.e.
We will use the stronger version for the additive case in 2. For the multiplicative case the Freiman Lemma is sufficient.
2.1. The multiplicative case. Here we suppose that F (x, y) = f (g(x)h(y)) and
In particular, the range of g(x) over the rationals has an n-element intersection with a multiplicative group of rank at most D. As we will see, this is only possible if g(x) = (x + a) α for some rational a and integer α.
Lemma 1. For any polynomial over the rationals, g(x)
, there is a bound, b = b(g, r), such that for any complex multiplicative group G of rank r the size of the intersection,
α for some rational a and integer α.
From Lemma 1 and the previous observations it follows that if F (x, y) is a nonexpander over the rationals and it has the multiplicative form in (1) then it has the more restricted form in (2) .
Proof of Lemma 1: Write
where x i -s are the roots of g. If a natural number w > deg(g) = v i=1 α i is relative prime to w − deg(g) and to all α i -s then the algebraic curve
If v > 1 and w is prime so that w ≥ deg(g) ≥ 5 then C has genus at least two. By Faltings' theorem [9] it has finitely many rational points. Now let us consider the intersection g(Q) ∩ G. G is a finitely generated Abelian group and its rational elements form a subgroup. This subgroup is also finitely generated and its rank is not larger than rank(G). Therefore in Lemma 1 we can suppose without loss of generality that G is a multiplicative subgroup of Q. Suppose that G is generated by elements a 1 , a 2 , . . . , a s . There is a natural surjection of Z
We are interested about the the set
At least |S|/w s of the elements of S are in the same congruence class modulo w. The representative of this popular congruence class is denoted by (w 1 , w 2 , . . . , w s ) where 0 ≤ w i < w. The corresponding elements of S raise rational points on the curve
This is a twist of curve C in (3). According to a result of Silverman [15] , which is an extension of Faltings' theorem, the number of points on C ′ is uniformly bounded by a constant depending on C only. This also gives a uniform bound on |S|, so v = 1 which proves the Lemma.
The bound in Lemma 1 depends on g(x) but there might be a uniform bound depending on the degree of g(x) only. Such bound would follow from the Uniformity Conjecture, see in [4] and [1] . The conjecture states that there is a uniform bound on the rational points of a curve over the rationals depending on the genus of the curve only.
Conjecture 1.
There is a function b(d, r) so that the following holds. For any degree d polynomial over the rationals, g(x), and for any complex multiplicative group, G, of rank r the size of the intersection g(Q) ∩ G is uniformly bounded by b(d, r) unless g(x) = (x + a) α for some rational a and integer α.
The additive case.
We are going to use the claim that sets with small sumset contain a long arithmetic progression. This proposition follows from a combination of Freiman's theorem and Szemerédi's theorem about long arithmetic progressions, but one can see it directly using the Hypergraph Removal Lemma as it was shown in [17] .
Because of Proposition 1, in order to show that non-expander polynomials have the restricted multiplicative or additive form in (2), it would be enough to prove the following statement which we state as a conjecture.
Conjecture 2. For any rational polynomial g(x)
there is a bound b so the range over the rationals, g(Q), contains no arithmetic progression of length b.
Unfortunately we were unable to prove the conjecture above. It would follow from the Uniformity Conjecture mentioned earlier.
Claim 1. Conjecture 1 implies Conjecture 2.
Proof: Let us suppose that g(Q) has a large (compare to deg(g)), say N-term arithmetic progression a + id. If x 0 denotes the rational number for which g(x 0 ) = a then the polynomial h a (x) = g(x + x 0 ) − g(x 0 ) satisfies the h a (x i ) = id equations for some x i (1 ≤ i ≤ N) rational numbers. Note that it is not possible that h a (x) = (x − ρ) α for some rational number ρ if α ≥ 2 and N ≥ 4 since the set of squares contains no four-term arithmetic progression and any set of larger powers {j α } ∞ j=1 contains no three-term arithmetic progression. Even if ρ is not rational, the extension field of Q with ρ has similar properties, there are no long arithmetic progressions among the perfect squares over this field [20] and there are no long arithmetic progressions for larger α-s, see e.g. in [15] . Therefore we can suppose that h a (x) has at least two distinct roots. It also contains a long geometric progression h a (x 2 j ) = d2 j for 2 j ≤ N which for large enough N contradicts with Conjecture 1.
There are various special cases of the Uniformity Conjecture which would imply the additive part of formula (2) . We were unable to prove even the integer case, that for a given integer polynomial, g(x), which has degree at least two, the range, g(Z), contains no arbitrary long arithmetic progressions. The following is maybe the weakest form of a uniformity conjecture which would imply it.
Conjecture 3. For any polynomial over the integers g there is a bound b so that for any a ∈ Z the range of the polynomial
There are extensions of the Elekes-Rónyai theorem for three-variable polynomials and for sets A, B, C having different sizes. In [16] we proved that if F (x, y, z) is a non-expander over the reals then
for some polynomials f, g, h, and u. Under the hypothesis that the Uniformity Conjecture holds we can conclude that if F (x, y, z) is not expander over the rationals then
for some (single variable) polynomial f, positive integers α, β, γ and rational numbers a, b, c.
The unconditional case
By putting together the previous arguments we have the following theorem, which does not require the Uniformity Conjecture. Theorem 1. If F (x, y, z) is not expander over the rationals then
for some (single variable) polynomial f, polynomials g, h, u without constant terms which all have degree at least three and have at least two distinct roots, positive integers α, β, γ and rational numbers a, b, c.
We believe that case (ii) is not possible, however even this theorem is useful to show if a polynomial is an expander over the rationals or not. The situation is much simpler with homogeneous polynomials.
Corollary. Every homogeneous polynomial F (x, y, z) is an expander over the rationals unless it has the form i , F (x, y, z) = a(x + by + cz) α or ii , F (x, y, z) = a(xyz) α for some rationals a, b, c and integer α.
We leave the simple proof -which is a case analysis based on Theorem 1 -to the reader.
3.1. Examples. As we mentioned earlier, Shkredov showed in [14] that
is an expander over finite fields (note that the definition of expanders is somewhat different over finite fields.) We show that F is also expander over the rationals. By Theorem 1 we know that the forms in (ii) or (iii) are not possible since the degree of F is two, and in both cases (ii) and (iii) the polynomial has degree at least three. Case (i) is not possible either because F is not a quadratic polynomial of x + ay + cz.
Let us see some more complex examples. The main purpose of these examples is to illustrate how to decide if a polynomial is an expander over the rationals or not by using Theorem 1.
Example. The polynomial
is an expander over the rationals (and a non-expander over the reals).
Proof: This is a degree five polynomial, so if it had the form (i) in Theorem 1 then f would be a degree five polynomial where all coefficients of the degree five terms are non-zero. However there is only one degree five term in F so it is not possible. In case (ii) if f has degree at least two then the polynomial had degree six at least since g, h and u have degree at least three. If f is linear then there are no mixed terms in F which is not the case here. The only remaining case is (iii), but note that F (x, x, x) has four distinct roots, ±1 and ±ı, while any F (x, x, x) in case (iii) has at most three distinct roots. To see that F is a non-expander over the reals set
. With this choice of sets A, B and C, one can check by substitution that
is an expander over the rationals.
Proof: Before we analyze this example let us state Theorem 1 for two variables. The proof is identical to the three-variable case.
for some (single variable) polynomial f, polynomials g, h with no constant terms which all have degree at least three and have at least two distinct roots, positive integers α, β and rational numbers a, b.
If F had the form in (i) then all degree six terms were be there, however for example x 5 y has zero coefficient in F. Let us suppose that F has the form in (ii). F has mixed terms, so f has degree at least two and then it should be exactly two since g, h have degree at least three. The lowest power of y is three and h has degree three too, so h(y) = cy 3 with some c > 0 which is not possible because h should have at least two distinct roots. The remaining case (iii) is not possible either since F (x, x) has three distinct roots.
Remarks
Many questions remain open.
• The most important problem for us would be to show that for any polynomial f (x) over the rationals, f (Q) contains no arbitrary long arithmetic progressions. (Or prove it for the integers at least) • In our results above we proved that some rational polynomials -which are non-expanders over the reals -are expanders over the rationals. We believe that there are no integer polynomials which are expanders over the integers and non-expanders over the rationals, however we were unable to show it.
